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STABILITY OF TANGENT BUNDLES OF COMPLETE INTERSECTIONS
AND EFFECTIVE RESTRICTION
JIE LIU
ABSTRACT. For n ≥ 3, let M be an (n + r)-dimensional irreducible Hermitian
symmetric space of compact type and letOM(1) be the ample generator of Pic(M).
Let Y = H1 ∩ · · · ∩ Hr be a smooth complete intersection of dimension n where
Hi ∈ |OM(di)| with di ≥ 2. We prove a vanishing theorem for twisted holomor-
phic forms on Y. As an application, we show that the tangent bundle TY of Y is
stable. Moreover, if X is a smooth hypersurface of degree d in Y such that the
restriction Pic(Y) → Pic(X) is surjective, we establish some effective results for
d to guarantee the stability of the restriction TY |X . In particular, if Y is a general
hypersurface in Pn+1 and X is general smooth divisor in Y, we show that TY |X is
stable except for some well-known examples. We also address the cases where the
Picard group increases by restriction.
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1. INTRODUCTION
It has been one of main problems in Ka¨hler geometry to study which Fano
manifolds with b2 = 1 admit a Ka¨hler-Einstein metric. The celebrated Yau-Tian-
Donaldson conjecture asserts that a Fano manifold admits a Ka¨hler-Einstein met-
ric if and only if it is K-polystable. This conjecture has been solved recently (see
[CDS14, CDS15, Tia15] and the references therein). A weaker and more algebraic
question related to the existence of Ka¨hler-Einstein metrics asks whether the tan-
gent bundle is (semi-)stable with respect to the anti-canonical divisor. Let us re-
call the definition of stability. Let (Z,H) be an n-dimensional polarized projective
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manifold, and let E be a non-zero torsion-free coherent sheaf over Z. The slope of
E with respect to H is defined to be
µ(E ) : =
c1(E ) · H
n−1
rk(E )
.
1.1. Definition. Let (Z,H) be a polarized projective manifold, and let E be a non-zero
torsion-free coherent sheaf over Z. The sheaf E is called H-stable (resp. H-semi-stable) if
for any non-zero coherent subsheaf F ⊂ E with 0 < rk(F ) < rk(E ), we have
µ(F ) < µ(E ) (resp. µ(F ) ≤ µ(E )).
By the works of Ramanan, Umemura, Azad-Biswas, Reid, Peternell-Wis´niewski
and Hwang, the stability of tangent bundles is known for homogeneous spaces
[Ram66, Ume78, AB10], Fano manifolds with index one [Rei77], Fano manifolds
of dimension at most six [PW95, Hwa98], general complete intersections in PN
[PW95] and prime Fano manifolds with large index [Hwa01]. If X is a projective
manifold with Pic(X) ∼= ZOX(1), then the stability of TX is very much related to
the cohomology vanishings of type
Hq(X,Ω
p
X(ℓ)),
where Ω
p
X(ℓ) = Ω
p
X ⊗OX(ℓ). If M is an irreducible Hermitian symmetric space
of compact type, then M is a Fano manifold with Picard number one. In par-
ticular, making use of the work of Kostant [Kos61], Snow developed an algo-
rithm in [Sno86] and [Sno88] to determine whether a given cohomology group
Hq(M,Ω
p
M(ℓ)) vanishes. In particular, Biswas, Chaput and Mourougane proved
in [BCM15] the following vanishing theorem by using the algorithm of Snow.
1.2. Theorem.[BCM15, Theorem D] Let M be an n-dimensional irreducible Hermitian
symmetric space of compact type which is not isomorphic to a projective space. LetOM(1)
be the ample generator of Pic(M), and let ℓ and p be two positive integers such that
Hq(M,Ω
p
M(ℓ)) 6= 0 for some q ≥ 0. Then we have
ℓ+ q ≥ p
rM
n
,
where rM is the index of M, i.e., OM(−KM) ∼= OM(rM).
As an application of this vanishing theorem, we prove the following similar
vanishing theorem for smooth complete intersections in M.
1.3. Theorem. For n ≥ 2 and r ≥ 1, let M be an (n + r)-dimensional irreducible
Hermitian symmetric space of compact type, and let OM(1) be the ample generator of
Pic(M). Let Y = H1 ∩ · · · ∩ Hr be a smooth complete intersection of dimension n where
Hi ∈ |OM(di)| with di ≥ 2. Denote OM(1)|Y by OY(1). Then for any q ≥ 0, p ≥ 1,
ℓ ∈ Z such that q+ p ≤ n− 1, the following statements hold.
(1) If Hq(Y,Ω
p
Y) 6= 0, then p = q.
(2) If Hq(Y,Ω
p
Y(ℓ)) 6= 0 for some ℓ 6= 0, then
ℓ+ q > p
rY
n
,
where rY = rM − d1 − · · · − dr.
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In Theorem 1.3, if n ≥ 3, the natural map Pic(M) → Pic(Y) is an isomorphism
by Lefschetz hyperplane theorem [Har70, Corollary 3.3]. In particular, we have
Pic(Y) ∼= ZOY(1) = ZOM(1)|Y. As the first application of our vanishing theorem,
we generalize a result of Peternell-Wis´niewski (see [PW95, Theorem 1.5]) in the
following theorem.
1.4. Theorem. For n ≥ 3 and r ≥ 1, let M be an (n + r)-dimensional irreducible
Hermitian symmetric space of compact type, and let OM(1) be the ample generator of
Pic(M). If Y = H1 ∩ · · · ∩ Hr is a smooth complete intersection of dimension n where
Hi ∈ |OM(di)| with di ≥ 2, then the tangent bundle TY is stable.
Let (Z,H) be a polarized projective manifold, and let Y ∈ |dH| be a general
smooth hypersurface of degree d. Let E be a torsion-free coherent sheaf over Z.
Then it is easy to see that, if E is an H-unstable sheaf, then E|Y is H|Y-unstable.
Equivalently, E is semi-stable if E|Y is H|Y-semi-stable. Nevertheless, the converse
is false in general as shown by the following easy counterexample.
1.5. Example. The tangent bundle TPn of P
n is stable with µ(TPn) = (n+ 1)/n.
However, if Y is a hyperplane, then the restriction TPn |Y is unstable since TY is a
subbundle of TPn |Y with µ(TY) = n/(n− 1).
However, by a result of Mehta-Ramanathan, the restriction of a (semi-)stable
sheaf is (semi-)stable for sufficiently large d. In general, we have the following
important effective restriction theorem (cf. [Fle84, MR84, Lan04]).
1.6. Theorem.[Lan04, Theorem 5.2 and Corollary 5.4] Let (Z,H) be a polarized pro-
jective manifold of dimension n. Let E be a torsion-free H-(semi-)stable sheaf of rank
p ≥ 2. Let Y ∈ |dH| be a general smooth hypersurface. If
d >
p− 1
p
∆(E )Hn−2 +
1
p(p− 1)Hn
,
then E|Y is H|Y-(semi-)stable. Here ∆(E ) = 2pc2(E )− (p− 1)c
2
1(E ) is the discriminant
of E .
In [BCM15], an optimal effective theorem is established for tangent bundles of
irreducible Hermitian symmetric spaces of compact type.
1.7. Theorem.[BCM15, Theorem A and B] For n ≥ 3, let M be an n-dimensional
irreducible Hermitian symmetric space of compact type, and let Y be a smooth hypersurface
of M. Then the restriction TM|Y is stable unless Y is a linear section and M is isomorphic
to either Pn or a smooth quadric hypersurface Qn.
In [BCM15], this theorem was stated for the cotangent bundle Ω1M of M, which
is equivalent to Theorem 1.7, since a vector bundle E is H-stable over a polarized
projective manifold (Z,H) if and only if its dual bundle E∗ is H-stable.
As the second application of Theorem 1.3, we reduce the effective restriction
problem of tangent bundles to the existence of certain twisted vector fields (cf.
Proposition 5.3), and then we can derive the following result.
1.8. Theorem. For n ≥ 3, let M be an (n+ r)-dimensional irreducible Hermitian sym-
metric space of compact type, and let OM(1) be the ample generator of Pic(M). Let Y =
H1 ∩ · · · ∩ Hr be a smooth complete intersection of dimension n where Hi ∈ |OM(di)|
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with 2 ≤ d1 ≤ · · · ≤ dr. Let X ∈ |OY(d)| be a smooth hypersurface of degree d. Assume
moreover that the composite of restrictions
Pic(M)→ Pic(Y) → Pic(X)
is surjective. Then the restriction TY|X is stable if one of the following conditions holds.
(1) Y is a Fano manifold and M is not isomorphic to the projective space Pn+r or any
smooth quadric hypersurface Qn+r.
(2) Y is a Fano manifold, d ≥ d1 and M is isomorphic to the projective space P
n+r.
(3) Y is a Fano manifold, d ≥ 2 and M is isomorphic to a smooth quadric hypersurface
Qn+r.
(4) X is general and d > dr − rY/n, where rY = rM − d1 − · · · − dr.
In the case where Y is a general smooth hypersurface in Pn+1, using the strong
Lefschetz property of the Milnor algebra of Y, we can prove an extension theorem
for twisted vector fields on X (see Theorem 4.4), and an optimal answer to the
effective restriction problem can be given in this setting.
1.9. Theorem. For n ≥ 3, let Y be a general smooth hypersurface in the projective space
Pn+1, and let X ∈ |OY(d)| be a general smooth hypersurface of degree d in Y. Assume
furthermore that the restriction homomorphismPic(Y) → Pic(X) is surjective, then TY|X
is stable unless d = 1, and Y is isomorphic to either Pn or Qn.
In each exceptional case, the tangent bundle of Xwill destabilize TY|X , so our re-
sult above is sharp. The stability of restrictions of tangent bundles with an increase
of Picard group was also considered in [BCM15]. According to Lefschetz’s hyper-
plane theorem, the map Pic(Y) → Pic(X) is always surjective if n ≥ 4. In fact,
Lefschetz proved an even more general version, the so-called Noether-Lefschetz
theorem, in [Lef21]: a very general complete intersection surface X in PN contains
only curves that are themselves complete intersections unless X is an intersection
of two quadric threefolds in P4, or a quadric surface in P3, or a cubic surface in P3
(see also [Gre88, Kim91]). In these exceptional cases, the possibilities of the pair
(Y,X) are as follows:
(1) The manifold Y is the projective space P3 and X is a quadric surface or a cubic
surface.
(2) The manifold Y ⊂ P4 is a quadric threefold and X is a linear section or a
quadric section.
(3) The manifold Y ⊂ P4 is a cubic threefold and X is a linear section of Y.
When Y is a quadric threefold or the projective space P3, according to [BCM15,
Theorem B], the restriction TY|X is semi-stable with respect to −KX unless Y and
X are both projective spaces; and TY|X is stable with respect to −KX if X is not
a linear section. In the following result, we address the stability of the restriction
TY|X in the case where Y is a cubic threefold and X is a linear section.
1.10. Theorem. Let Y ⊂ P4 be a general cubic threefold, and let X ∈ |OY(1)| be a
general smooth linear section. Then the restriction TY|X is stable with respect to OX(1).
This paper is organized as follows. In Section 2, we introduce the basic notions
concerning Hermitian symmetric spaces and the Lefschetz properties of Artinian
algebras. In Section 3, we collect the results about the cohomologies of (n − 1)-
forms of Hermitian symmetric spaces and we introduce the notion of special co-
homologies. In Section 4, we investigate the twisted vector fields over complete
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intersections in Hermitian symmetric spaces and we prove some extension results
in various settings. In Section 5, we address the stability of tangent bundles of
complete intersections in Hermitian symmetric spaces and study the effective re-
striction problem. In particular, we prove Theorem 1.3, Theorem 1.4, Theorem 1.8
and Theorem 1.9. In Section 6, we consider the case where the Picard number
increases by restriction and prove Theorem 1.10.
Convention. For an n-dimensional projective variety Y, we denote by Ω1Y the
sheaf of Ka¨hler differentials and denote by Ω
p
Y the sheaf ∧
pΩ1Y. For a line bun-
dle OY(1) and a coherent sheaf F on Y, we will denote F ⊗OY(ℓ) by F (ℓ), and
the number hi(Y,F ) is the dimension of Hi(Y,F ) over C. Moreover, the dual
sheafHomOX(F ,OY) of F is denoted by F
∗. If Y is smooth, the canonical divisor,
denoted by KY, is a Weil divisor associated to Ω
n
Y. For a submanifold X of a po-
larized manifold (Y,OY(1)), we denote by OX(1) the restriction OY(1)|X. If Y is a
projective manifold with Picard number one, we consider always the polarization
given by the ample generator OY(1) of Pic(Y) unless otherwise stated.
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2. HERMITIAN SYMMETRIC SPACES AND LEFSCHETZ PROPERTIES
In this section, we collect some basic materials about Hermitian symmetric
spaces of compact type and the Lefschetz properties of Artinian algebras. We refer
to [BH58] and [MN13] for further details.
2.A. Hermitian symmetric spaces. Let (M, g) be a Riemannian manifold. A non-
trivial isometry σ of (M, g) is said to be an involution if σ2 = id. A Riemannian
manifold (M, g) is said to be Riemannian symmetric if at each point x ∈ M there
exists an involution σx such that x is an isolated fixed point of σx.
2.1. Definition. Let (M, g) be a Riemannian symmetric manifold. Then (M, g) is said to
be a Hermitian symmetric manifold if (M, g) is a Hermitian manifold and the involution
σx at each point x ∈ M can be chosen to be a holomorphic isometry.
A Hermitian symmetric space M is called irreducible if it cannot be written as
the non-trivial product of two Hermitian symmetric spaces. It is well-known that
the irreducible Hermitian symmetric spaces of compact type are Fano manifolds
of Picard number one. We will denote by OM(1) the ample generator of Pic(M).
In this case, the index of M is defined to the unique positive integer rM such that
OM(−KM) ∼= OM(rM).
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The Hermitian symmetric spaces are homogeneous under their isometry
groups. According to Cartan, there are exactly six types of irreducible Hermitian
symmetric spaces of compact type: Grassmannians (type An), quadric hypersur-
faces (type Bn orDn), LagrangianGrassmannians (typeCn), spinor Grassmannians
(type Dn) and two exceptional cases (type E6 and E7).
2.B. Lefschetz properties of Artinian algebras. Let R = C[x1, . . . , xr] be the
graded polynomial ring in r variables over C. Let
A = R/I =
n⊕
i=0
Ai
be a graded Artinian algebra. Then, by definition, A is finite dimensional over C.
2.2. Definition. Let A be a graded Artinian algebra.
(1) We say that A has the maximal rank property (MRP) if for any d, the homomorphism
induced by multiplication by f
× f : Ai −→ Ai+d
has maximal rank for all i (i.e., is injective or surjective), whenever f is a general form
of degree d.
(2) We say that A has the strong Lefschetz property (SLP) if for any d, the homomorphism
induced by multiplication by ℓd
×ℓd : Ai −→ Ai+d
has maximal rank for all i (i.e., is injective or surjective), whenever ℓ is a general linear
form.
2.3. Remark. The strong Lefschetz properties have been extensively investigated
in the literature (see [MN13] and the references therein), while the maximal rank
property has only been introduced in [MMR03] byMigliore andMiro´-Roig. More-
over, it is easy to see that SLP implies MRP by semi-continuity.
Both concepts are motivated by the following theorem which was proved by
Stanley in [Sta80] using algebraic topology, by Watanabe in [Wat87] using repre-
sentation theory, by Reid, Roberts and Roitman in [RRR91] with algebraic meth-
ods.
2.4. Theorem.[MN13, Theorem 1.1] Let R = C[x1, . . . , xr], and let I be the Artinian
complete intersection 〈xd11 , . . . , x
dr
r 〉, where di’s are positive integers. Then R/I has the
SLP.
LetPn+1 be the (n+ 1)-dimensional complex projective space, and letY ⊂ Pn+1
be a hypersurface defined by a homogeneous polynomial h of degree d. We denote
by
J(Y) = 〈∂h/∂x0, . . . , ∂h/∂xn+1〉
the Jacobian ideal of Y, where [x0 : . . . : xn+1] are the coordinates of P
n+1. Then the
Milnor algebra of Y is defined to be the graded C-algebra
M(Y) : = C[x0, . . . , xn+1]/J(Y).
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2.5. Remark.[Dim87, p. 109] One observes that the Hilbert series of the Milnor
algebra M(Y) of a general degree d hypersurface Y in Pn+1 is
H(M(Y))(t) = (1+ t+ t2 + · · ·+ td−2)n+2,
where ρ = (d− 2)(n+ 2) is the top degree of M(Y). The celebrated Macaulay’s
theorem (cf. [Voi02, The´ore`me 18.19]) says that the multiplication map
µi,j : M(Y)i ×M(Y)j −→ M(Y)i+j
is non-degenerated for i+ j ≤ ρ. Using the perfect pairing
M(Y)i ×M(Y)ρ−i → M(Y)ρ ∼= C,
we see that the dimension of M(Y)i is symmetric. Recall that an element f ∈
M(Y) of degree j is called faithful if the multiplication × f : M(Y)i → M(Y)i+j has
maximal rank for all i. Since the dimension of M(Y)i is strictly increasing over
the interval [0, ρ/2], an element f of degree j is faithful if and only if it induces
injections M(Y)i → M(Y)i+j for i ≤ (ρ− j)/2, equivalently it induces surjections
M(Y)i → M(Y)i+j for i ≥ (ρ− j)/2.
The proof of Theorem 1.9 relies on the nonexistence of certain twisted vector
fields over X. To prove this, we reduce the problem to the nonexistence of certain
twisted vector fields over Y by proving an extension result (cf. Theorem 4.4). The
main ingredient of the proof of Theorem 4.4 is the SLP of the Milnor algebra M(Y)
which is well-known to experts. Recall that the Fermat hypersurface of degree d
in Pn+1 is defined by the equation xd0 + · · ·+ x
d
n+1 = 0.
2.6. Proposition. Let Y ⊂ Pn+1 be a general hypersurface of degree d. Then the Milnor
algebra M(Y) of Y has the SLP. In particular, M(Y) has the MRP.
Proof. Thanks to Theorem 2.4, the Milnor algebra of the Fermat hypersurface of
degree d in Pn+1 has the SLP. Then we conclude by semi-continuity. 
3. TWISTED (n− 1)-FORMS AND SPECIAL COHOMOLOGIES
In this section, we collect some vanishing results about the cohomologies of
twisted (n− 1)-forms of n-dimensional irreducible Hermitian symmetric spaces
of compact type. Moreover, we introduce the notion of special cohomologies and
we prove that all irreducible Hermitian symmetric spaces of compact type have
special cohomologies. This notion is very useful in studying the twisted vector
fields over complete intersections in Hermitian symmetric spaces in the next sec-
tion. We start with a result due to Snow.
3.1. Definition.[BCM15, Definition 2.4] Let ℓ, n ∈ N be two fixed positive integers.
An n-tuple of integers an = (ai)1≤i≤n is called an ℓ-admissible Cn-sequence if |ai| = i
and ai + aj 6= 2ℓ for all i ≤ j. Its weight is defined to be p(an) = ∑ai>0 ai and its
ℓ-cohomological degree is defined to be
q(an) = #{ (i, j) | i ≤ j and ai + aj > 2ℓ }.
3.2. Proposition.[Sno88, §2.1] Let M = Sp(2n)/U(n) be a type Cn irreducible Hermit-
ian symmetric space of compact type. Then Hq(M,Ω
p
M(ℓ)) 6= 0 implies that there exists
an ℓ-admissible Cn-sequence such that its weight is p and its ℓ-cohomological degree is q.
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3.3. Example. Denote by M the Lagrangian Grassmannian Sp(8)/U(4). Then
M is a 10-dimensional Fano manifold with index 5. Moreover, if ℓ is an integer
such that 1 ≤ ℓ ≤ 4, then we have Hq(M,Ω9M(ℓ)) = 0 for any q ≥ 0. In fact, if
Hq(M,Ω9M(ℓ)) 6= 0, by Proposition 3.2, there exists an ℓ-admissible C4-sequence a
with ℓ-cohomological degree q and weight 9. This implies
a = (−1, 2, 3, 4).
As 1 ≤ ℓ ≤ 4, one can easily see that a cannot be ℓ-admissible.
Before giving the statement in the general case, we recall the cohomologies of
the twisted holomorphic p-forms of projective spaces and smooth quadric hyper-
surfaces.
3.4. Theorem.[Bot57] Let n, p, q and ℓ be integers, with n positive and p and q nonneg-
ative. Then
hq(Pn,Ω
p
Pn
(ℓ)) =


(
n+ ℓ− p
ℓ
)(
ℓ− 1
p
)
, if q = 0, 0 ≤ p ≤ n, ℓ > p;
1, if ℓ = 0, p = q;(
p− ℓ
−ℓ
)(
−ℓ− 1
n− p
)
, if q = n, 0 ≤ p ≤ n, ℓ < p− n;
0, otherwise.
As a consequence, Hq(Pn,Ωn−1
Pn
(ℓ)) 6= 0 for some ℓ ∈ Z if and only if q = 0 and
ℓ ≥ n, or q = n− 1 and ℓ = 0, or q = n and ℓ ≤ −2.
3.5. Theorem.[Sno86, Theorem 4.1] Let X be an n-dimensional smooth quadric hyper-
surface.
(1) If −n+ p ≤ ℓ ≤ p and ℓ 6= 0, −n+ 2p, then Hq(X,Ω
p
X(ℓ)) = 0 for all q.
(2) Hq(X,Ω
p
X) 6= 0 if and only if q = p.
(3) Hq(X,Ω
p
X(−n+ 2p)) 6= 0 if and only if p+ q = n.
(4) If ℓ > p, then Hq(X,Ω
p
X(ℓ)) 6= 0 if and only if q = 0.
(5) If ℓ < −n+ p, then Hq(X,Ω
p
X(ℓ)) 6= 0 if and only if q = n.
In particular, if X is a smooth quadric hypersurface of dimension n, then
Hq(X,Ωn−1X (ℓ)) 6= 0 for some ℓ ∈ Z if and only if q = 0 and ℓ ≥ n, or q = 1
and ℓ = n− 2, or q = n− 1 and ℓ = 0, or q = n and ℓ ≤ −2. The following general
result is essentially proved in [Sno86] and [Sno88].
3.6. Proposition. Let M be an n-dimensional irreducible Hermitian symmetric space of
compact type. Then Hq(M,Ωn−1M (ℓ)) 6= 0 if and only if one of the following conditions is
satisfied.
(1) q = 0 and ℓ ≥ min{n, rM}.
(2) q = n− 1 and ℓ = 0.
(3) q = n and ℓ ≤ −2.
(4) M ∼= Qn, q = 1 and ℓ = n− 2.
Proof. If n ≥ rM or n ≤ 3, then X is isomorphic to P
n or Qn and we can con-
clude by Theorem 3.4 and Theorem 3.5. On the other hand, if ℓ ≥ rM, by [Sno88,
Proposition 1.1], the cohomological degree of Ωn−1M (ℓ) is 0. As a consequence,
Hq(M,Ωn−1M (ℓ)) 6= 0 if and only if q = 0. Moreover, it is well-known that
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Hq(M,Ω
p
M) 6= 0 if and only if q = p. So we shall assume that n− 1 ≥ rM ≥ ℓ+ 1,
n ≥ 4 and ℓ 6= 0. In particular, M is not of type Bn.
If ℓ ≤ −2, by Serre duality, we obtain that Hq(M,Ωn−1M (ℓ)) 6= 0 if and only
if Hn−q(M,Ω1M(−ℓ)) 6= 0. Recall that the cohomological degree of the sheaf
Ω1M(−ℓ) is 0 if −ℓ ≥ 2 by [Sno88, Proposition 1.1]. So H
q(M,Ωn−1M (ℓ)) 6= 0 if
and only if q = n if ℓ ≤ −2.
If ℓ = −1, by Serre duality again, we see that Hq(M,Ωn−1M (−1)) 6= 0 if
and only if Hn−q(M,Ω1M(1)) 6= 0. Thanks to [Sno86, Theorem 2.3], we have
Hn−q(M,Ω1M(1)) = 0 for all q ≥ 0 if M is not of type Cn. On the other hand,
if M is of type Cn, the vanishing of H
q(M,Ω1M(1)) follows from [Sno88, Theorem
2.3].
If 1 ≤ ℓ ≤ rM − 1, we can prove the result case by case. If M is of type E6 or E7,
from [Sno88, Table 4.4 and Table 4.5], we have Hq(M,Ωn−1M (ℓ)) = 0 for any q ≥ 0.
If M is of type An, asM is not isomorphic to P
n or Qn, we get Hq(M,Ωn−1M (ℓ)) = 0
for all q ≥ 0 by [Sno86, Theorem 3.4 (3)]. Here we remark that Gr(2, 4) is isomor-
phic to Q4. If M is of type Cn and n 6= 4, we have Hq(M,Ω
n−1
M (ℓ)) = 0 for all
q ≥ 0 by [Sno88, Theorem 2.4 (3)]. If M is of type C4, then M is isomorphic to the
10-dimensional homogeneous space Sp(8)/U(4), and we get Hq(M,Ω9M(ℓ)) = 0
for all q ≥ 0 according to Example 3.3. If M is of type Dn, it follows from [Sno88,
Theorem 3.4 (3)] that Hq(M,Ωn−1M (ℓ)) = 0 for all q ≥ 0 if n ≥ 5. If M is of type Dn
and n ≤ 4, then M is isomorphic to either Pn or Qn, which is impossible by our
assumption. 
As a direct application, we get the following result which is useful to describe
the twisted vector fields over complete intersections.
3.7. Corollary. For n ≥ 3, let M be an n-dimensional irreducible Hermitian symmetric
space of compact type. Then Hn−1(M,Ω1M(ℓ)) 6= 0 if and only if ℓ = −n+ 2 and M is
isomorphic to a smooth quadric hypersurface Qn.
Proof. As Hn−1(M,Ω1M(ℓ)) 6= 0 if and only if H
1(M,Ωn−1M (−ℓ)) 6= 0 by Serre
duality, thus the result follows from Proposition 3.6 directly. 
Moreover, one can easily derive the following result for smooth hypersurfaces
in projective spaces by Bott’s formula.
3.8. Lemma. For n ≥ 3, let Y ⊂ Pn+1 be a smooth hypersurface of degree d. Then we
have Hn−1(Y,Ω1Y(−rY + t)) = 0 for t > d, where rY = n+ 2− d.
Proof. By Bott’s formula (cf. Theorem 3.4) and the following exact sequence of
sheaves
0→ Ω1
Pn+1
(−rY + t− d) → Ω
1
Pn+1
(−rY + t) → Ω
1
Pn+1
(−rY + t)|Y → 0,
we see that Hn−1(Y,Ω1
Pn+1
(−rY + t)|Y) = 0 for any t ∈ Z. Thus, the following
exact sequence of OY-sheaves
0→ OY(−rY + t− d) → Ω
1
Pn+1
(−rY + t)|Y → Ω
1
Y(−rY + t) → 0
induces an injective map of groups
Hn−1(Y,Ω1Y(−rY + t)) → H
n(Y,OY(−rY + t− d)).
Then we can conclude by Kodaira’s vanishing theorem. 
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3.9. Definition. Let (Z,OZ(1)) be a polarized projective manifold of dimension n ≥ 4.
We say that (Z,OZ(1)) has special cohomologies if H
q(Z,Ω1Z(ℓ)) = 0 for all ℓ ∈ Z and
all 2 ≤ q ≤ n− 2.
We remark that our definition of special cohomologies is much weaker than
that given in [PW95].
3.10. Example. By [Nar78, Corollary 2.3.1], an n-dimensional smooth complete
intersection Y in a projective space has special cohomologies if n ≥ 4. Moreover, if
Y˜ is a cyclic covering of Y, then Y has special cohomologies (see [PW95, Theorem
1.6]).
3.11. Example. Let Y be a smooth weighted complete intersection of dimension n
in a weighted projective space, and let OY(1) be the restriction to Y of the univer-
sal O(1)-sheaf from the weighted projective space. Then (Y,OY(1)) has special
cohomologies by [Fle81, Satz 8.11] .
3.12. Proposition. Let (M,OM(1)) be an n-dimensional irreducible Hermitian sym-
metric space of compact type. If n ≥ 4, then (M,OM(1)) has special cohomologies.
Proof. By Serre duality, it suffices to consider the group Hn−q(M,Ωn−1M (−ℓ)). As
2 ≤ q ≤ n− 2, we get 2 ≤ n− q ≤ n− 2. Now it follows from Proposition 3.6. 
4. EXTENSION OF TWISTED VECTOR FIELDS
This section is devoted to study global twisted vector fields over smooth com-
plete intersections in an irreducible Hermitian symmetric space of compact type.
The main aim is to show that the global twisted vector fields over complete inter-
sections can be extended to be global twisted vector fields over the ambient space
(cf. Theorem 4.2).
4.A. Twisted vector fields over complete intersections. Let (Z,OZ(1)) be a po-
larizedmanifold, and letY ⊂ Z be a subvariety. Thenwe have a natural restriction
map
ρt : H
0(Z, TZ(t)) −→ H
0(Y, TZ(t)|Y)
for any t ∈ Z. The following proposition concerns on the surjectivity of ρt and its
proof was communicated to me by the anonymous referee.
4.1. Proposition. Let (Z,OZ(1)) be a polarized projective manifold. Let Y be the com-
plete intersection H1 ∩ · · · ∩ Hr where Hi ∈ |OZ(di)|. Assume moreover that there
exists an integer rZ ∈ Z such that OZ(−KZ) ∼= OZ(rZ). Given t ∈ Z, if (Z,OZ(1))
has special cohomologies, dim(Y) ≥ 2 and Hdim(Z)−1(Z,Ω1Z(−rZ + di− t)) = 0 for all
1 ≤ i ≤ r, then the natural restriction
ρt : H
0(Z, TZ(t)) −→ H
0(Y, TZ(t)|Y)
is surjective.
Proof. Denote by E the vector bundleOZ(−d1)⊕ · · · ⊕OZ(−dr) over Z. Consider
the following Koszul resolution of OY
0→ ∧rE → ∧r−1E → · · · → E → OZ → OY → 0.
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Tensoring it with TZ(t), we obtain the following exact sequence
0→ TZ(t)⊗ (∧
rE) → TZ(t)⊗ (∧
r−1E) →
· · · → TZ(t)⊗ E → TZ(t) → TZ(t)|Y → 0. (4.1)
By definition, for any 1 ≤ j ≤ r, the vector bundle ∧jE splits into a direct sum of
line bundles as ⊕iOZ(−dij) with dij ≥ j. Since (Z,OZ(1)) has special cohomolo-
gies and r = codim(Y) ≤ n− 2, by Serre duality, we have
H j(Z, TZ(t)⊗ (∧
jE)) ∼=
⊕
i
Hq(Z, TZ(t− dij)) = 0
for any j ≥ 2. On the other hand, as Hdim(Z)−1(Z,Ω1Z(−rZ + di − t)) = 0 by our
assumption, by Serre duality again, we obtain
H1(Z, TZ(t)⊗ E) ∼=
r⊕
i=1
Hdim(Z)−1(Z,Ω1Z(−rZ + di − t) = 0.
Then the second quadrant spectral sequence associated to the complex (4.1) (see
[Laz04, Appendix B]) implies that the natural restriction
H0(Z, TZ(t)) → H
0(Y, TZ(t)|Y)
is surjective. 
As an immediate application, we derive the following theorem which will play
a key role in the proof of Theorem 1.8.
4.2. Theorem. Let M be an (n+ r)-dimensional irreducible Hermitian symmetric space
of compact type which is not isomorphic to any smooth quadric hypersurface Qn+r. Let
Y = H1 ∩ · · · ∩ Hr be a complete intersection of dimension n where Hi ∈ |OM(di)|.
Assume moreover that dim(Y) = n ≥ 2. Then the natural restriction
ρt : H
0(M, TM(t)) −→ H
0(Y, TM(t)|Y).
is surjective for any t ∈ Z.
Proof. If n+ r ≥ 4, this follows from Corollary 3.7, Proposition 3.12 and Proposi-
tion 4.1. If n + r = 3, then Y is a hypersurface of degree d in M. Thanks to the
following exact sequence
0→ TM(t− d) → TM(t) → TM(t)|Y → 0,
to prove the surjectivity of ρt, it is enough to show that H
1(M, TM(t − d)) = 0.
By Serre duality, it is equivalent to showing that H2(M,Ω1M(−rM + d − t)) = 0.
Since M is not isomorphic to any smooth quadric hypersurface, we conclude by
Corollary 3.7. 
If M is a smooth quadric hypersurface, then we can also regard Y as a complete
intersection of degree (2, d1, . . . , dr) in the projective space P
n+r+1. In general, we
have the following result.
4.3. Theorem. Let Y = H1 ∩ · · · ∩ Hr be a complete intersection where Hi ∈
|OPn+r(di)|. Assume moreover that H1 is smooth, dim(Y) = n ≥ 2 and n + r ≥ 4.
If di ≥ 2 for all 1 ≤ i ≤ r and t is an integer such that di − t > d1 for any 2 ≤ i ≤ r,
then the natural restriction
ρt : H
0(H1, TH1(t)) → H
0(Y, TH1(t)|Y)
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is surjective.
Proof. If r = 1, the statement is trivial. So we may assume that r ≥ 2. If n +
r ≥ 5, by definition and [Nar78, Corollary 2.3.1], the hypersurface H1 has special
cohomologies (cf. Example 3.10). Thanks to Proposition 4.1, it suffices to verify
that we have
Hdim(Y1)−1(Y1,Ω
1
Y1
(−rY1 + di − t)) = 0
for all 2 ≤ i ≤ r. Since t ∈ Z is an integer such that di − t > d1 for any 2 ≤ i ≤ r, it
follows from Lemma 3.8 immediately.
If n + r = 4, then Y = H1 ∩ H2. As d2 − t > d1 by assumption, thanks to
Lemma 3.8, we have H2(H1,Ω
1
H1
(−rH1 + d2− t)) = 0. By Serre duality, we obtain
H1(H1, TH1(t− d2)) = 0. Then, it follows from the following exact sequence
0→ TH1(t− d2) → TH1(t) → TH1(t)|Y → 0
that the map H0(H1, TH1(t))→ H
0(Y, TH1(t)|Y) is surjective. 
4.B. Twisted vector fields over hypersurfaces in projective spaces. The global
sections of TPn(t) can be expressed explicitly by homogeneous polynomials of de-
gree t+ 1. To see this, we consider the twisted Euler sequence
0→ OPn(t) → OPn(t+ 1)
⊕(n+1) → TPn(t) → 0.
Using the fact H1(Pn,OPn(t)) = 0, we see that the restriction map
H0(Pn,OPn(t+ 1)
⊕(n+1)) −→ H0(Pn, TPn(t))
is surjective, so a global section σ of TPn(t) is given by a vector field on the affine
complex vector space Cn+1
σ = f0
∂
∂x0
+ · · ·+ fn
∂
∂xn
,
where fi’s are homogeneous polynomials of degree t+ 1. Let Y ⊂ P
n be a smooth
hypersurface defined by a homogeneous polynomial h and let X be a submanifold
of Y. Then the restriction σ|X is a global section of TY(t)|X if and only if we have(
f0
∂h
∂x0
+ · · ·+ fn
∂h
∂xn
)∣∣∣∣
X
≡ 0.
Furthermore, we have σ|X ≡ 0 if and only if(
xi f j − xj fi
)
|X ≡ 0, 0 ≤ i ≤ j ≤ n.
Let Y be a general complete intersection in an N-dimensional irreducible Her-
mitian symmetric space M of compact type such that N ≥ 3, and let X ∈ |OY(d)|
be a general hypersurface of Y. By [Wah83], H0(M, TM(t)) 6= 0 for some t < 0 if
and only if M ∼= PN and t = −1. According to Theorem 4.2 and Theorem 4.3, we
get
H0(Y, TY(t)) = H
0(X, TY(t)|X) = H
0(M, TM(t)) = 0
for any t ≤ −2. In the following theorem, we generalize this result to show that if
Y is a general hypersurface of Pn+1, then the natural restriction
αt : H
0(Y, TY(t)) −→ H
0(X, TY(t)|X)
is surjective for t ≤ t0 large enough depending only on n and the degrees of X and
Y. This theorem is a key ingredient of the proof of Theorem 1.9.
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4.4. Theorem. Let Y ⊂ Pn+1 be a general smooth hypersurface defined by the homoge-
neous polynomial h of degree dh ≥ 2 and let X ∈ |OY(d)| be a general smooth divisor. If
n ≥ 3, then the restriction map
H0(Y, TY(t)) −→ H
0(X, TY(t)|X)
is surjective for any t ≤ (ρ + d)/2− dh, where ρ = (dh − 2)(n+ 2) is the top degree of
the Milnor algebra of Y.
Proof. Since the natural restriction H0(Pn+1,O
Pn+1(d)) → H
0(Y,OY(d)) is sur-
jective, there exists a general homogeneous polynomial f of degree d such that
X = { f = h = 0}. We denote by M(Y) and J(Y) the Milnor algebra and Jacobian
ideal of Y, respectively. Since H0(X, TY(t)|X) is a subset of H
0(X, T
Pn+1(t)|X) and
H0(Pn+1, T
Pn+1(t)) = 0 for t ≤ −2, by Theorem 4.2, we may assume t ≥ −1.
Let s ∈ H0(X, TY(t)|X) be a global section. By Theorem 4.2, the section s is the
restriction of some global section σ ∈ H0(Pn+1, T
Pn+1(t)). Therefore there exist
some polynomials fi of degree t+ 1 such that
s = σ|X =
(
f0
∂
∂x0
+ · · ·+ fn+1
∂
∂xn+1
)∣∣∣∣
X
and (
f0
∂h
∂x0
+ · · ·+ fn+1
∂h
∂xn+1
)∣∣∣∣
X
= 0.
As a consequence, there exist two homogeneous polynomials g and p (maybe zero)
such that
f0
∂h
∂x0
+ · · ·+ fn+1
∂h
∂xn+1
= g f + ph.
We claim that g is contained in the Jacobian ideal J(Y) of Y. In fact, by Euler’s
homogeneous function theorem, it follows(
f0 −
1
dh
px0
)
∂h
∂x0
+ · · ·+
(
fn+1 −
1
dh
pxn+1
)
∂h
∂xn+1
= g f .
Thanks to Proposition 2.6, the Milnor algebra M(Y) has maximal rank property,
hence, by the genericity assumption of f , the multiplication map
(× f ) : M(Y)t+dh−d −→ M(Y)t+dh
has maximal rank. Moreover, by the assumption, we have
t+ dh − d ≤
ρ− d
2
,
so the multiplication map (× f ) is injective (cf. Remark 2.5). It follows that g = 0
in M(Y), or equivalently, the polynomial g is contained in the Jacobian ideal of Y.
Therefore there exist some homogeneous polynomials gi’s of degree t− d+ 1 such
that
g = g0
∂h
∂x0
+ · · ·+ gn+1
∂h
∂xn+1
.
This yields(
f0
∂h
∂x0
+ · · ·+ fn+1
∂h
∂xn+1
)
−
(
g0 f
∂h
∂x0
+ · · ·+ gn+1 f
∂h
∂xn+1
)
= ph.
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We denote by σ′ ∈ H0(Pn+1, T
Pn+1(t)) the global section defined by
g0 f
∂
∂x0
+ · · ·+ gn+1 f
∂
∂xn+1
.
Then (σ− σ′)|Y ∈ H
0(Y, TY(t)). Moreover, as σ
′|X ≡ 0, we have
(σ− σ′)|X = σ|X = s.
Hence the restriction map
H0(Y, TY(t)) → H
0(X, TY(t)|X)
is surjective. 
5. STABILITY AND EFFECTIVE RESTRICTION WITH INVARIANT PICARD GROUP
This section is devoted to study the stability of tangent bundles of smooth com-
plete intersections in Hermitian symmetric spaces. As mentioned in the intro-
duction, this problem was studied by Peternell and Wis´niewski in [PW95] in the
projective spaces case. Moreover, we will also consider the effective restriction
problem for tangent bundles.
5.A. Vanishing theorem and stability of tangent bundles. We start with an ob-
servation whose statement was suggested by the referee. It is very useful when
we consider the cohomologies of smooth complete intersections in some projec-
tive manifolds with many cohomological vanishings.
5.1. Lemma. For n ≥ 2, let (Z,OZ(1)) be a polarized projective manifold of dimen-
sion n + r. Let Y = H1 ∩ · · · ∩ Hr be a smooth complete intersection of dimension
n where Hi ∈ |OZ(di)|. If there exist integers p, q and ℓ such that p + q ≤ n and
Hq(Y,Ω
p
Y(ℓ)) 6= 0, then there exist integers j1, . . . , jr ∈ N such that 0 ≤ j1+ · · ·+ jr ≤
p− 1 and such that one of the following statements holds.
(1) There exists an integer 2 ≤ s ≤ r+ 1 such that
Hq+p(Y,OY(ℓ− pds−1− (ds − ds−1)js − · · · − (dr − ds−1)jr) 6= 0.
(2) Hq+j1+···+jr(Y,Ω
p−j1−···−jr
Z (ℓ− j1d1 − · · · − jrdr)|Y) 6= 0.
Proof. Let us denote by Yi (1 ≤ i ≤ r) the scheme-theoretic complete intersection
H1 ∩ · · · ∩ Hi. Then we have Y = Yr. Moreover, for convenience, we will denote Z
by Y0. Since Y is smooth, each Yi is smooth in a neighborhood of Y. In particular,
the cotangent sheaf Ω1Yi
of Yi is locally free in a neighborhood of Y. Let s be the
minimal positive integer such that there exist integers js, . . . , jr ∈ N such that
0 ≤ k ≤ p− 1 where k = js + · · ·+ jr and such that
Hq+k(Y,Ω
p−k
Ys−1
(ℓ− jsds − · · · − jrdr)|Y) 6= 0.
Clearly we have 1 ≤ s ≤ r + 1 and we are in Case (2) if s = 1. Now we assume
that s ≥ 2. Then, for any j ∈ N such that 0 ≤ j+ k ≤ p− 1, we have
Hq+j+k(Y,Ω
p−j−k
Ys−2
(ℓ− jds−1− jsds − · · · − jrdr)|Y) = 0. (5.1)
The restriction over Y of the conormal sequence of Ys−1 in Ys−2
0→ OY(−ds−1) → Ω
1
Ys−2
|Y → Ω
1
Ys−1
|Y → 0
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induces an exact sequence of vector bundles
0→ Ω
p−j−k−1
Ys−1
(−ds−1)|Y → Ω
p−j−k
Ys−2
|Y → Ω
p−j−k
Ys−1
|Y → 0.
Tensoring it with OY(ℓ− jds−1− jsds − · · · − jrdr), we obtain
0→ Ω
p−j−k−1
Ys−1
(ℓ− (j+ 1)ds−1− jsds − · · · − jrdr)|Y
→ Ω
p−j−k
Ys−2
(ℓ− jds−1− jsds − · · · − jrdr)|Y
→ Ω
p−j−k
Ys−1
(ℓ− jds−1− jsds − · · · − jrdr)|Y → 0.
Then (5.1) shows that for any j ∈ N such that 0 ≤ j+ k ≤ p− 1, the induced map
Hq+j+k(Y,Ω
p−j−k
Ys−1
(ℓ− jds−1− jsds − · · · − jrdr)|Y) →
Hq+j+k+1(Y,Ω
p−j−k−1
Ys−1
(ℓ− (j+ 1)ds−1− jsds − · · · − jrdr)|Y)
is injective. Then the assumption
Hq+k(Y,Ω
p−k
Ys−1
(ℓ− jsds − · · · − jrdr)|Y) 6= 0.
implies
Hq+p(Y,OY(ℓ− (p− k)ds−1− jsds − · · · − jrdr)|Y) 6= 0.
This completes the proof. 
Now we are in the position to prove Theorem 1.3. The idea is to relate the
cohomologies of Y to the cohomologies of the ambient space M using Lemma 5.1
and the Koszul resolution.
Proof of Theorem 1.3. As M is a Fano manifold, by Kobayshi-Ochiai’s theorem (see
[KO73]), we have rM ≤ n+ r + 1 with equality if and only if M ∼= P
n+r. On the
other hand, if M ∼= Pn+r, thanks to [Nar78, Corollary 2.3.1], under our assump-
tion, we have Hq(Y,Ω
p
Y(ℓ)) 6= 0 if and only if q = p and ℓ = 0. Hence the result
holds if rM = n+ r+ 1. From now on, we shall assume that rM ≤ n+ r. As a con-
sequence, we have rY ≤ n− 1 since di ≥ 2. Let us denote by E the vector bundle
OM(−d1)⊕ · · · ⊕ OM(−dr). Then we have the Koszul resolution of OY
0→ ∧rE → ∧r−1E → · · · → E → OM → OY → 0. (5.2)
Moreover, for any 1 ≤ j ≤ r, the vector bundle ∧jE splits into a direct sum of line
bundles as ⊕iOM(−dij) with dij ≥ 2j.
Proof of (1). As Hq(Y,Ω
p
Y) 6= 0, thanks to Lemma 5.1, there exist integers
j1, . . . , jr ∈ N such that 0 ≤ k ≤ p − 1 where k = j1 + · · · + jr and such that
we have either
Hq+k(Y,Ω
p−k
M (−j1d1 − · · · − jrdr)|Y) 6= 0 (5.3)
or
Hq+p(Y,OY(−pds−1− (dr − ds−1)jr − · · · − (ds − ds−1)js) 6= 0 (5.4)
for some 2 ≤ s ≤ r+ 1. Note that since we have
− pds−1− (dr − ds−1)jr − · · · − (ds − ds−1)js
= −jsds − · · · − jrdr − (p− k)ds−1 ≤ −ds−1 < 0
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and 1 ≤ q + p ≤ n − 1, then Kodaira’s vanishing theorem shows that (5.4) is
impossible. If (5.3) holds, the second quadrant spectral sequence associated to the
complex (5.2) twisting with Ω
p−k
M (−j1d1 − · · · − jrdr) implies that there exists an
integer 0 ≤ j ≤ r such that
Hq+k+j(M,Ω
p−k
M (−j1 − · · · − jr)⊗ ∧
jE) 6= 0.
As q+ j+ p ≤ n+ r− 1 by assumption, then the Azizuki-Nakano vanishing the-
orem implies
−j1 − · · · − jr − dij ≥ 0
for some dij. Since dij > 0 if j > 0 and js ≥ 0 (1 ≤ s ≤ r), we obtain
j = j1 = · · · = jr = 0.
Equivalently, we have Hq(M,Ω
p
M) 6= 0, and it follows that p = q.
Proof of (2). If Hq(Y,Ω
p
Y(ℓ)) 6= 0, by Lemma 5.1 again, there exist integers
j1, . . . , jr ∈ N with 0 ≤ k ≤ p − 1 where k = j1 + · · · + jr such that we have
either
Hq+k(Y,Ω
p−k
M (ℓ− j1d1 − · · · − jrdr)|Y) 6= 0 (5.5)
or
Hq+p(Y,OY(ℓ− pds−1− (dr − ds−1)jr − · · · − (ds − ds−1)js) 6= 0 (5.6)
for some 2 ≤ s ≤ r+ 1.
1st Case. (5.5) holds. In this case, the second quadrant spectral sequence asso-
ciated to the complex (5.2) twisting with Ω
p−k
M (ℓ− j1d1 − · · · − jrdr) implies that
there exists an integer 0 ≤ j ≤ r such that
Hq+k+j(M,Ω
p−k
M (ℓ− j1d1 − · · · − jrdr)⊗ ∧
jE) 6= 0.
As q+ j+ p ≤ n+ r− 1, the Akizuki-Nakano vanishing theorem shows that we
have
ℓ− j1d1 − · · · − jrdr − dij ≥ 0 (5.7)
for all i.
If the equality in (5.7) holds for all dij, by Theorem 1.3 (1), we get q + k + j =
p− k. As a consequence,
n(ℓ+ q) = n(j1d1 + · · ·+ jrdr + dij + p− 2k− j)
= n(p+ (d1 − 2)j1 + · · ·+ (dr − 2)jr + dij − j)
As di ≥ 2, dij ≥ 2j and rY ≤ n− 1, we obtain n(ℓ+ q) ≥ np > rYp.
If the inequality (5.7) is strict for some dij, we can apply [BCM15, Theorem D]
to get
ℓ− j1d1 − · · · − jrdr − dij + q+ k+ j
p− k
≥
rM
n+ r
.
As dij ≥ 2j, di ≥ 2, rM ≤ n+ r, it follows that
ℓ+ q ≥ p
rM
n+ r
+
(
d1 − 1−
rM
n+ r
)
j1 + · · ·+
(
dr − 1−
rM
n+ r
)
jr + dij − j
≥ p
rM
n+ r
.
Since rY ≤ n − 2r, it is easy to see rM/(n + r) > rY/n, and we get the desired
inequality.
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2nd Case. (5.6) holds. As 1 ≤ q+ p ≤ n− 1, by Kodaira’s vanishing theorem, we
get
ℓ− pds−1− (dr − ds−1)jr − · · · − (ds − ds−1)js ≥ 0.
As a consequence, we obtain
ℓ+ q ≥ pds−1 + (dr − ds−1)jr + · · ·+ (ds − ds−1)js + q
≥ ds js + · · ·+ dr jr + (p− k)ds−1 + q
From the assumptions p > k and ds−1 ≥ 2, we get ℓ+ q ≥ 2p. In particular, we
have n(ℓ+ q) ≥ 2np > prY. 
5.2. Remark. In view of our proof of Theorem 1.3 (1), we see that it holds even
without the assumption di ≥ 2. However, in the proof of Theorem 1.3 (2), the
assumption di ≥ 2 is necessary.
Theorem 1.4 is a direct consequence of Theorem 1.3.
Proof of Theorem 1.4. To prove the stability of TY, it is equivalent to prove the stabil-
ity of Ω1Y. Let F ⊂ Ω
1
Y be a nonzero proper subsheaf of rank p (1 ≤ p ≤ n− 1). By
Lefschetz hyperplane theorem and our assumption, we have Pic(Y) ∼= ZOY(1),
where OY(1) = OM(1)|Y. Thus, we could denote by ℓ the unique integer such
that det(F ) ∼= OY(−ℓ). Then we have H
0(Y,Ω
p
Y(ℓ)) 6= 0 by assumption. Since
p ≤ n − 1, the Akizuki-Nakano vanishing theorem implies ℓ ≥ 0. As p ≥ 1,
Theorem 1.3 (1) implies ℓ > 0, and hence µ(F ) < µ(Ω1Y) by Theorem 1.3 (2). In
particular, it follows that Ω1Y is stable. 
5.B. Effective restriction of tangent bundles. In this subsection, we proceed to
prove various effective restriction theorems for tangent bundles of complete inter-
sections in irreducible Hermitian symmetric spaces of compact type. We use the
standard cohomological arguments as in the proof of Theorem 1.4 to reduce the
problem to the existence of twisted vector fields.
5.3. Proposition. For n ≥ 3 and r ≥ 1, let M be an (n+ r)-dimensional irreducible
Hermitian symmetric space of compact type. Let Y = H1 ∩ · · · ∩Hr be a smooth complete
intersection of dimension n with Hi ∈ |OM(di)| with di ≥ 2. Let X ∈ |OY(d)| be a
smooth divisor. Assume that the composite of restrictions
Pic(M)→ Pic(Y) → Pic(X)
is surjective. Moreover, if Y is isomorphic to some smooth quadric hypersurface Qn, we
assume d ≥ 2. Then the vector bundle TY|X is stable if and only if H
0(X, TY(t)|X) = 0 for
any integer t ≤ −rY/n, where rY is the unique integer such that OY(−KY) ∼= OY(rY).
Proof. The ”only if” implication follows from the definition of stability. Now we
assume H0(X, TY(t)|X) = 0 for any t ≤ −rY/n. Note that TY|X is stable if and only
if Ω1Y|X is stable. Let F be a proper subsheaf of Ω
1
Y|X of rank p. After replacing
F by its saturation in Ω1Y|X , we may assume that F is saturated. We denote by
ℓ the unique integer such that det(F ) = OX(−ℓ). Then, by assumption, we get
H0(X,Ω
p
Y(ℓ)|X) 6= 0. To prove the stability of Ω
1
Y|X , it suffices to show that the
following inequality
µ(F ) =
−ℓ
p
OX(1)
n−1
< µ(Ω1Y|X) =
−rY
n
OX(1)
n−1
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holds for all pairs of integers (ℓ, p) such that H0(X,Ω
p
Y(ℓ)|X) 6= 0 and 1 ≤ p ≤
n− 1. We consider the following exact sequence
0→ Ω
p
Y(ℓ− d) → Ω
p
Y(ℓ) → Ω
p
Y(ℓ)|X → 0.
As 1 ≤ p ≤ n − 1 and n ≥ 3, by Theorem 1.3, H0(Y,Ω
p
Y(ℓ)) 6= 0 implies nℓ >
prY. Thus we may assume H
0(Y,Ω
p
Y(ℓ)) = 0. Then the fact H
0(X,Ω
p
Y(ℓ)|X) 6= 0
implies H1(Y,Ω
p
Y(ℓ− d)) 6= 0.
1st Case. p ≤ n− 2. As p ≥ 1, if ℓ 6= d, by Theorem 1.3 (2), we have
nℓ ≥ n(ℓ− d+ 1) > prY.
If ℓ = d, then we have p = 1 by Theorem 1.3 (1). As a consequence, we get
nℓ = nd > prY = rY (5.8)
unless d = 1 and rY ≥ n. If rY ≥ n, by Kobayashi-Ochiai theorem, Y is isomorphic
to either Pn or Qn. As di ≥ 2, then Y is actually isomorphic to Q
n. However, by
our assumption, if Y ∼= Qn, then we have d ≥ 2. Hence the inequality (5.8) still
holds in this case.
2nd Case. p = n − 1. We denote by Q the quotient
(
Ω1Y|X
)
/F . Since F is
saturated, the quotient Q is a torsion-free coherent sheaf of rank one such that
det(Q) = Q∗∗ ∼= OX(−rY + ℓ). Since Q
∗ is a subsheaf of TY|X , we get
H0(X, TY(ℓ− rY)|X) 6= 0.
By our assumption, we get ℓ− rY > −rY/n. As a consequence, we get
ℓ
p
=
ℓ
n− 1
>
rY
n
.
We have thus proved the proposition. 
As an application of Proposition 5.3, we can derive Theorem 1.8 by the nonex-
istence of global twisted vector fields.
Proof of Theorem 1.8. Let X be a projective manifold of dimension N ≥ 2, and let L
be an ample line bundle. Recall that H0(X, TX ⊗ L
−1) 6= 0 if and only if X ∼= PN
and L ∼= OPN (1) (cf. [Wah83]). In particular, if M is not isomorphic to a projective
space, then we have H0(M, TM(t)) = 0 for any integer t < 0.
Proof of (1). Under our assumption, by Theorem 4.2, the natural restriction map
ρt : H
0(M, TM(t)) → H
0(X, TM(t)|X)
is surjective for all t ∈ Z. In particular, we have H0(X, TM(t)|X) = 0 for all t < 0.
This implies H0(X, TY(t)|X) = 0 for all t < 0 since H
0(X, TY(t)|X) is a subgroup
of H0(X, TM(t)|X). As Y is Fano, we have rY > 0 and we conclude by Proposition
5.3.
Proof of (2). By Theorem 4.3, the natural restriction map ρt : H
0(Y1, TY1(t)) →
H0(X, TY1(t)|X) is surjective for all t ≤ −1 if d ≥ d1. In particular, it follows that
we have H0(X, TY1(t)|X) = 0 for all t ≤ −1 if d ≥ d1. Again, since Y is Fano, we
have rY > 0 and the result is again a consequence of Proposition 5.3.
Proof of (3). If M is isomorphic to any smooth quadric hypersurface Qn+r and
Y ⊂ M is a complete intersection of degree (d1, . . . , dr) such that di ≥ 2 for all
1 ≤ i ≤ r. Then Y is also a complete intersection in Pn+r+1 of degree (2, d1, . . . , dr)
and the result follows immediately from (2).
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Proof of (4). Since every smooth complete intersection in a quadric hypersurface
is also a smooth complete intersection in some projective space, we may assume
that M is not isomorphic to any smooth quadric hypersurface. Note that we have
d > d1 − rY/n ≥ 1 as d1 ≥ 2 and rY ≤ n. Thus, by Proposition 5.3, it suffices to
show that
H0(X, TY(t)|X) = 0 for t ≤ −
rY
n
.
Since M is not isomorphic to any smooth quadric hypersurface, by Theorem 4.2,
the natural restriction map
H0(M, TM(t)) → H
0(Y, TM(t)|Y) → H
0(X, TM(t)|X)
is surjective for all t ∈ Z. Let σ ∈ H0(X, TY(t)|X) be a global section. Then σ is also
a global section of TM(t)|X. Therefore there exists a global twisted vector field σ˜ ∈
H0(M, TM(t)) such that σ˜|X = σ. Denote by Yj (1 ≤ j ≤ r) the scheme-theoretic
complete intersection H1 ∩ · · · ∩ Hj. Then each Yj is smooth in a neighborhood
of Y, and σ˜|X = σ is a global section of TYj(t)|X for all 1 ≤ j ≤ r. Consider the
following exact sequence
0→ TYj(t)|Y → TYj−1(t)|Y
β j(t)
−−→ OY(dj + t) → 0.
Then σ ∈ H0(X, TY(t)|X) implies that the image β̂ j(t)(σ˜|Y) vanishes over X, where
β̂ j(t) is the induced map
H0(Y, TYj−1(t)|Y) −→ H
0(Y,OY(dj + t)).
However, since X is general and d > dj + t for any 1 ≤ j ≤ r by our assumption,
we get β̂ j(t)(σ˜|Y) = 0 for any 1 ≤ j ≤ r. Therefore we have σ˜|Y ∈ H
0(Y, TYj(t)|Y)
for any 1 ≤ j ≤ r, i.e., σ˜|Y ∈ H
0(Y, TY(t)). On the other hand, since TY is stable
(cf. Theorem 1.4), we have
H0(Y, TY(t)) = 0 for t ≤ −
rY
n
.
Hence, we obtain σ˜|Y = 0 and consequently σ = 0. 
Though the statements (2), (3) and (4) in the theorem are not optimal, they have
the advantage to give a lower bound which is quite easy to compute. The next
theorem deals with the case in which Y is a general smooth hypersurface of Pn+1.
The proof of this theorem can be completed by combining Theorem 4.4 and the
method analogous to that used above.
Proof of Theorem 1.9. If Y is isomorphic to either Pn or Qn, it follows from [BCM15,
Theorem A]. So we shall assume that Y is a general smooth hypersurface defined
by a homogeneous polynomial h of degree dh ≥ 3. By Proposition 5.3, it is enough
to prove that H0(X, TY(t)|X) = 0 for t ≤ −rY/n. As n ≥ 3, dh ≥ 3 and rY =
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n+ 2− dh, we have(
ρ + d
2
− dh
)
−
(
−
rY
n
)
≥
(dh − 2)(n+ 2) + d
2
− dh −
(
dh
n
−
n+ 2
n
)
≥
(
n
2
−
1
n
)
dh − n−
1
2
+
2
n
≥
3n
2
−
3
n
− n−
1
2
+
2
n
> 0.
This implies −rY/n < (ρ + d)/2− dh. According to Theorem 4.4, the map
H0(Y, TY(t)) → H
0(X, TY(t)|X)
is surjective for t ≤ −rY/n. The theorem is now a direct consequence of the stabil-
ity of TY. 
5.4. Remark. In Theorem 1.9, ifY is an arbitrary smooth hypersurface, then the ar-
gument above does not work, since the strong Lefschetz property (SLP) of Milnor
algebras of smooth hypersurfaces is still open.
6. HYPERPLANE OF CUBIC THREEFOLDS
In this section, we consider the case where the map Pic(Y) → Pic(X) is not
surjective. By Noether-Lefschetz theoremmentioned in the introduction, this hap-
pens if X is a quadric section of a quadric threefold Q3, or X is a quadric surface
in P3, or X is a cubic surface in P3. In these cases, X is always a del Pezzo surface,
i.e., the anti-canonical divisor −KX is ample.
6.A. Projective one forms. We denote by pi : Sr → P2 the surface obtained by
blowing-up P2 at r(≤ 8) points p1, . . . , pr in general position and denote by Ej
the exceptional divisor over pj. Then Sr is a del Pezzo surface with degree K
2
S =
9− r. It is well-known that the cotangent bundle Ω1Sr is stable with respect to the
anti-canonical polarization −KSr for r ≥ 2 (cf. [Fah89]). There is a one-to-one
correspondence between the saturated rank one subsheaves of Ω1Sr and the global
sections of Ω1
P2
(a) which vanish only in codimension two. The global sections
of Ω1
P2
(a) are usually called projective one forms. In the following we give a brief
description of this correspondence and we refer the reader to [Fah89] for further
details.
On one hand, let L be a saturated rank one subsheaf of the cotangent bundle of
Ω1Sr . Then we have
c1(L) = −aE0 −
9−r
∑
j=1
bjEj
for some integers a, bj ∈ Z, where E0 is the pull-back of a line in P
2. The global
section of Ω1
P2
(a) associated to L is defined by the following map
H0(Sr,Ω
1
Sr
⊗ L−1) →֒ H0
(
Sr \ ∪Ei,Ω
1
Sr
⊗ L−1|Sr\∪Ei
)
∼= H0
(
P
2 \ ∪{pi},Ω
1
P2
(a)|
P2\∪{pi}
)
= H0(P2,Ω1
P2
(a)).
20
On the other hand, let ω ∈ H0(P2,Ω1
P2
(a)) be a global section vanishing only
in codimension two. Then ω can be identified with a rational global section of Ω1
P2
with pole supported on a line T. Let E0 be the pull-back of T by pi. Then pi
∗ω is a
global section of Ω1Sr ⊗OSr(aE0). Let div(pi
∗ω) be the divisor defined by the zeros
of pi∗ω. The saturated rank one subsheaf associated to ω is defined to the image
of the induced morphism OSr(−aE0 + div(pi
∗ω))→ Ω1Sr .
6.1. Example.We recall several examples given in [Fah89].
(1) The form ω = x0dx1 − x1dx0 ∈ H
0(P2,Ω1
P2
(2)) defines a saturated subsheaf
of Ω1Sr which is isomorphic to OSr(−2E0 + 2Ej), where Ej is the exceptional
divisor above [0 : 0 : 1]. Moreover, the only rank one saturated subsheaves of
Ω1Sr with a = 2 are OSr(−2E0 + 2Ej) and OSr(−2E0).
(2) We choose four points p1 = [1 : 0 : 0], p2 = [0 : 1 : 0], p3 = [0 : 0 : 1] and
p4 = [1 : 1 : 1] in P
2. Then the form defined by
ω = (x21x2 − x
2
2x1)dx0 + (x
2
2x0 − x
2
0x2)dx1 + (x
2
0x1 − x
2
1x0)dx2
induces a saturated subsheaf L of Ω1Sr such that c1(L) = −4E0 + 2∑
4
j=1 Ej, and
there does not exist a subsheaf L′ of Ω1Sr such that
c1(L
′) = −4E0 + 2
4
∑
j=1
Ej + Ei
for 5 ≤ i ≤ r. In fact, let ω′ be the corresponding projective one form of
L′. Since L is a subsheaf of L′, pi∗ω′/pi∗ω can be identified to be a global
section of L′ ⊗ L∗ whose zeros are supported on Ei. In particular, ω is actually
proportional to ω′. Nevertheless, the zeros of ω are p1, . . . , p4 and the points
[0 : 1 : 1], [1 : 0 : 1] and [1 : 1 : 0]. Since there are at most four points of these
points which are in general position, the exceptional line Ei cannot be a zero of
pi∗ω′.
In order to prove Theorem 1.10, we need the following lemma due to Fahlaoui.
6.2. Lemma.[Fah89, Lemme 1] Let L, L′ be two saturated subsheaves of Ω1Sr . If L is not
isomorphic to L′, then we have h0(Sr,OSr(KSr)⊗ L
∗ ⊗ L′∗) ≥ 1.
6.B. Subsheaves of cotangent bundles of cubic surfaces. A cubic surface S ⊂ P3
is a blow-up pi : S → P2 of six points pj on P
2 in general position. The exceptional
divisor pi−1(pj) is denoted by Ej. Let KS be the canonical divisor of S and E0 the
pull-back of a line in P2. Then we have
−KS = 3E0 −
6
∑
j=1
Ej ∼ H|S,
where H ∈ |O
P3(1)| is a hyperplane in P
3. Let us recall the following well-known
classical result of cubic surfaces.
• There are exactly 27 lines lying over a cubic surface: the exceptional divisors Ej
above the six blown up points pj, the proper transforms of the fifteen lines in P
2
which join two of the blown up points pj, and the proper transforms of the six
conics in P2 which contain all but one of the blown up points.
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The following result gives an upper bound for the degree of the saturated sub-
sheaves of Ω1S.
6.3. Proposition. Let S be a cubic surface and let L ⊂ Ω1S be a saturated invertible
subsheaf. Then we have
c1(L) · (−KS) ≤ −3.
Proof. Note that since µ(Ω1S) = −3/2 and Ω
1
S is stable, we get c1(L) · (−KS) ≤ −2.
Suppose that we have c1(L) · KS = 2 for some L. Then we have
c1(L) = −aE0 −
6
∑
j=1
bjEj
for some a, bj ∈ Z with a ≥ 2. If a = 2, then L is isomorphic to OS(−2E0) or some
OS(−2E0 + 2Ei). In the former case we have c1(L) · KS = 6 and in the latter case
we have c1(L) · KS = 4. So we need only consider the case a ≥ 3. For fixed i,
applying Lemma 6.2 to L and −2E0 + 2Ei, we obtain an effective divisors Ci such
that
Ci ∼ KS − L− (−2E0 + 2Ei) = (a− 1)E0 + (bi − 1)Ei + ∑
j 6=i
(bj + 1)Ej.
Denote by d = −KS · Ci = 3a+ ∑
6
j=1 bj + 1 the degree of Ci. By the assumption
c1(L) · KS = 2, we obtain 3a+ ∑
6
j=1 bj = 2, and hence d = 3. Moreover, as a ≥ 3,
we have ∑6j=1 bj ≤ −7, and consequently there is at least one bj ≤ −2. The proof
will be divided into three steps.
Step 1. We will show bj ≥ −2 for all 1 ≤ j ≤ 6. There exist some pi-exceptional
effective divisors ∑6j=1 cijEj such that the effective divisors C
′
i defined as
C′i = Ci −
6
∑
j=1
cijEj ∼ (a− 1)E0 + (bi − cii − 1)Ei + ∑
j 6=i
(bj − cij + 1)Ej
don’t contain pi-exceptional components. We denote the integer bj − cij by bij and
denote the degree −KS · C
′
i of C
′
i by d
′
i, then we have
bij ≤ bj and d
′
i ≤ d. (6.1)
Since the exceptional divisor Ei is a line on S and−KS ∼ H|X for some hyperplane
H ⊂ P3, we have Bs | − KS − Ei| ⊂ Ei. Moreover, since C
′
i does not contain Ei, we
obtain
(−KS − Ei) · C
′
i ≥ 0 and − bii + 1 = C
′
i · Ei ≤ −KS · C
′
i = d
′
i. (6.2)
Combining (6.1) and (6.2) gives
− bi ≤ −bii ≤ d
′
i − 1 ≤ d− 1 = 2. (6.3)
Since i is arbitrary, we deduce that bi ≥ −2 for i = 1, . . . , 6.
Step 2. We show bj ≤ −1 for all 1 ≤ j ≤ 6 and ∑
6
j=1 bj ≤ −8. Since there is at
least one bj ≤ −2 and bi ≥ −2 for all i, without loss of generality we may assume
b1 = −2. As a consequence of inequality (6.3), we have
b11 = −2 and d
′
1 = d = 3.
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It follows that −KS · (Ci − C
′
i) = d− d
′
1 = 0. As Ci − C
′
i ≥ 0 and −KS is ample, we
obtain C′1 = C1 and
− KS · C1 = E1 · C1 = 3. (6.4)
Since C1 does not contain Ej, we must have −bj − 1 = C1 · Ej ≥ 0 for j ≥ 2, which
yields bj ≤ −1 for j ≥ 2. As a consequence, we get
−12 ≤
6
∑
j=1
bj ≤ −7 and 3 ≤ a ≤ 4.
Let C1ℓ be a component of C1. Since Bs| − KS − E1| ⊂ E1 and C1 does not
contain E1, we have (−KS − E1) · C1ℓ ≥ 0. Then the equality (6.4) implies (−KS −
E1) · C1ℓ = 0. Therefore, C1ℓ is actually a plane curve and there exists a plane
Hℓ ⊂ P
3 such that C1ℓ + E1 ≤ Hℓ|S. In particular, we have
−KS · C1ℓ = Hℓ|S · C1ℓ ≤ 2.
On the other hand, as −KS · C1 = 3, it follows easily that there exists at least one
component of C1, denoted by C11, such that −KS · C11 = 1. In particular, C11 is
a line on S. However, C11 is not pi-exceptional, so the line C11 passes at least two
pi-exceptional divisors, and it follows that there exists some j (≥ 2) such that
−2 ≤ bj = −1− C1 · Ej ≤ −1− C11 · Ej ≤ −2.
Hence we obtain ∑6j=1 bj ≤ −8.
Step 3. We exclude the case c1(L) · KS = 2. By our argument above, if c1(L) · KS =
2, then we have
a ≥ 3, −2 ≤ bj ≤ −1 and − 12 ≤
6
∑
j=1
bj ≤ −8.
Then the equality 3a+ ∑6j=1 bj = 2 shows a = 4 and ∑
6
j=1 bj = −10, and conse-
quently L is a line bundle of the form
−4E0 + 2E1 + 2E2 + 2E3 + 2E4 + E5 + E6.
Nevertheless, we have seen that such a line bundle cannot be a saturated subsheaf
of Ω1S (cf. Example 6.1), a contradiction. 
6.C. Stability of restrictions of tangent bundles of general cubic threefolds. In
this subsection, we will prove Theorem 1.10. First we consider the saturated sub-
sheaves of Ω1Y|X of rank two and we give an upper bound for the degree of c1(F )
with respect to −KX .
6.4. Lemma. Let Y be a general smooth cubic threefold and let X ∈ |OY(1)| be a general
smooth divisor. If F ⊂ Ω1Y|X is a saturated subsheaf of rank two, then we have
c1(F ) · (−KX) ≤ −5.
Proof. The natural inclusion F ⊂ Ω1Y|X implies h
0(X,Ω2Y|X⊗det(F )
∗) ≥ 1. Using
the short exact sequence
0→ Ω1X(−1)⊗ det(F )
∗ → Ω2Y|X ⊗ det(F )
∗ → OX(KX)⊗ det(F )
∗ → 0,
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we obtain either h0(X,Ω1X(−1)⊗ det(F )
∗) ≥ 1 or h0(X,OX(KX)⊗ det(F )
∗) ≥ 1.
In the former case, the stability of Ω1X implies
(c1(F ) + c1(OX(1))) · (−KX) <
KX · (−KX)
2
= −
3
2
.
This yields
c1(F ) · (−KX) < −c1(OX(1)) · (−KX)−
3
2
= −
9
2
< −4.
In the latter case, we have c1(F ) · (−KX) ≤ KX · (−KX) = −3 with equality if and
only if c1(F ) = −KX , and the quotient G : =
(
Ω1Y
∣∣
X
)
/F is a torsion-free sheaf of
rank one.
If c1(F ) · (−KX) = −3, then det(F ) ∼= OX(KX) ∼= OX(−1) and consequently
det(G) = OX(−1). Since G
∗ is a subsheaf of TY|X, we obtain
h0(X, TY|X ⊗ det(G)) = h
0(X, TY(−1)|X) ≥ 1.
Since TY(−1)|X is a subsheaf of TY|X, we get H
0(X, TY|X) 6= 0. Then, by Theo-
rem 4.4, we obtain H0(Y, TY) 6= 0. Nevertheless, it is well-known that there are
no global holomorphic vector fields over a cubic threefold (cf. [KS99, Theorem
11.5.2]). This leads to a contradiction.
If c1(F ) · (−KX) = −4, then det(F ) ∼= OX(−1)⊗OX(−T) for some line T ⊂ X.
As a consequence, we have det(G) = OX(−1)⊗OX(T). Since G
∗ is a subsheaf of
TY|X , we get
h0(X, TY(−C)|X) > 0,
where C is a conic such that OX(C) ∼= OX(1) ⊗ OX(−T). Note that the sheaf
TY(−C)|X is a subsheaf of TY|X , it follows that H
0(X, TY|X) 6= 0. Similarly, Theo-
rem 4.4 implies H0(Y, TY) 6= 0, which is impossible. 
Now we are in the position to prove the main theorem in this section.
Proof of Theorem 1.10. It is enough to prove that Ω1Y|X is stable with respect to
OX(1). Since µ(Ω
1
Y|X) = −2, it suffices to prove that the following inequality
holds for any proper saturated subsheaf F of Ω1Y|X .
µ(F ) =
c1(F ) · −KX
rk(F )
< −2
1st Case. F ⊂ Ω1Y|X is a saturated subsheaf of rank one. Since F is a reflexive sheaf
of rank one and X is smooth, F is actually an invertible sheaf. Then the exact
sequence
0→ OX(−1)⊗F
∗ → Ω1Y|X ⊗F
∗ → Ω1X ⊗F
∗ → 0
implies that we have either h0(X,OX(−1)⊗F
∗) ≥ 1 or h0(X,Ω1X ⊗F
∗) ≥ 1. In
the former case, we have
µ(F ) = c1(F ) · (−KX) ≤ c1(OX(−1)) · (−KX) = −3 < −2.
In the latter case, let F be the saturation of F in Ω1X , then Proposition 6.3 implies
µ(F ) ≤ µ(F ) = c1(F ) · (−KX) ≤ −3.
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2nd Case. F ⊂ Ω1Y|X is a saturated subsheaf of rank two. In this case, by Lemma
6.4, we have
µ(F ) =
c1(F ) · (−KX)
2
≤
−5
2
< −2.
This finishes the proof. 
REFERENCE
[AB10] Hassan Azad and Indranil Biswas. A note on the tangent bundle of G/P. Proc. Indian Acad.
Sci. Math. Sci., 120(1):69–71, 2010.
[BCM15] Indranil Biswas, Pierre-Emmanuel Chaput, andChristopheMourougane. Stability of restric-
tions of cotangent bundles of irreducible hermitian symmetric spaces of compact type. Publ.
Res. Inst. Math. Sci., to appear, https://arxiv.org/pdf/1504.03853v2.pdf, 2015.
[BH58] Armand Borel and Friedrich Ernst Peter Hirzebruch. Characteristic classes and homoge-
neous spaces. I. Amer. J. Math., 80:458–538, 1958.
[Bot57] Raoul Bott. Homogeneous vector bundles. Ann. of Math. (2), 66:203–248, 1957.
[CDS14] Xiuxiong Chen, Simon Donaldson, and Song Sun. Ka¨hler-Einstein metrics and stability. Int.
Math. Res. Not. IMRN, (8):2119–2125, 2014.
[CDS15] Xiuxiong Chen, Simon Donaldson, and Song Sun. Ka¨hler-Einstein metrics on Fano mani-
folds. III: Limits as cone angle approaches 2pi and completion of the main proof. J. Amer.
Math. Soc., 28(1):235–278, 2015.
[Dim87] AlexandruDimca. Topics on real and complex singularities. Advanced Lectures inMathematics.
Friedr. Vieweg & Sohn, Braunschweig, 1987. An introduction.
[Fah89] Rachid Fahlaoui. Stabilite´ du fibre´ tangent des surfaces de del Pezzo.Math. Ann., 283(1):171–
176, 1989.
[Fle81] Hubert Flenner. Divisorenklassengruppen quasihomogener Singularita¨ten. J. Reine Angew.
Math., 328:128–160, 1981.
[Fle84] Hubert Flenner. Restrictions of semistable bundles on projective varieties. Comment. Math.
Helv., 59(4):635–650, 1984.
[Gre88] Mark LeeGreen. A new proof of the explicit Noether-Lefschetz theorem. J. Differential Geom.,
27(1):155–159, 1988.
[Har70] Robin Hartshorne. Ample subvarieties of algebraic varieties. Lecture Notes in Mathematics, Vol.
156. Springer-Verlag, Berlin-New York, 1970. Notes written in collaboration with C. Musili.
[Hwa98] Jun-Muk Hwang. Stability of tangent bundles of low-dimensional Fano manifolds with Pi-
card number 1.Math. Ann., 312(4):599–606, 1998.
[Hwa01] Jun-MukHwang. Geometry of minimal rational curves on Fano manifolds. In School on Van-
ishing Theorems and Effective Results in Algebraic Geometry (Trieste, 2000), volume 6 of ICTP
Lect. Notes, pages 335–393. Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2001.
[Kim91] Sung-Ock Kim. Noether-Lefschetz locus for surfaces. Trans. Amer. Math. Soc., 324(1):369–384,
1991.
[KO73] Shoshichi Kobayashi and Takushiro Ochiai. Characterizations of complex projective spaces
and hyperquadrics. J. Math. Kyoto Univ., 13:31–47, 1973.
[Kos61] Bertram Kostant. Lie algebra cohomology and the generalized Borel-Weil theorem. Ann. of
Math. (2), 74:329–387, 1961.
[KS99] Nicholas Michael Katz and Peter Sarnak. Random matrices, Frobenius eigenvalues, and mon-
odromy, volume 45 of American Mathematical Society Colloquium Publications. American Math-
ematical Society, Providence, RI, 1999.
[Lan04] Adrian Langer. Semistable sheaves in positive characteristic. Ann. of Math. (2), 159(1):251–
276, 2004.
[Laz04] Robert Lazarsfeld. Positivity in algebraic geometry. I. Classical Setting: Line Bundles and Lin-
ear Series, volume 48 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics. Springer-Verlag, Berlin, 2004.
[Lef21] Solomon Lefschetz. On certain numerical invariants of algebraic varieties with application
to abelian varieties. Trans. Amer. Math. Soc., 22(3):327–406, 1921.
[MMR03] Juan Carlos Migliore and Rosa Marı´a Miro´-Roig. Ideals of general forms and the ubiquity of
the weak Lefschetz property. J. Pure Appl. Algebra, 182(1):79–107, 2003.
[MN13] Juan Migliore and Uwe Nagel. Survey article: a tour of the weak and strong Lefschetz prop-
erties. J. Commut. Algebra, 5(3):329–358, 2013.
25
[MR84] Vikram Bhagvandas Mehta and Annamalai Ramanathan. Restriction of stable sheaves and
representations of the fundamental group. Invent. Math., 77(1):163–172, 1984.
[Nar78] Isao Naruki. Some remarks on isolated singularity and their application to algebraic mani-
folds. Publ. Res. Inst. Math. Sci., 13(1):17–46, 1977/78.
[PW95] Thomas Peternell and Jarosław A.Wis´niewski. On stability of tangent bundles of Fano man-
ifolds with b2 = 1. J. Algebraic Geom., 4(2):363–384, 1995.
[Ram66] Sundararaman Ramanan. Holomorphic vector bundles on homogeneous spaces. Topology,
5:159–177, 1966.
[Rei77] Miles Reid. Bogomolov’s theorem c21 ≤ 4c2. In Proceedings of the International Symposium on
Algebraic Geometry (Kyoto Univ., Kyoto, 1977), pages 623–642, 1977.
[RRR91] Les Reid, Leslie G. Roberts, andMoshe Roitman. On complete intersections and their Hilbert
functions. Canad. Math. Bull., 34(4):525–535, 1991.
[Sno86] Dennis M. Snow. Cohomology of twisted holomorphic forms on Grassmann manifolds and
quadric hypersurfaces.Math. Ann., 276(1):159–176, 1986.
[Sno88] Dennis M. Snow. Vanishing theorems on compact Hermitian symmetric spaces. Math. Z.,
198(1):1–20, 1988.
[Sta80] Richard P. Stanley. Weyl groups, the hard Lefschetz theorem, and the Sperner property.
SIAM J. Algebraic Discrete Methods, 1(2):168–184, 1980.
[Tia15] Gang Tian. K-stability and Ka¨hler-Einsteinmetrics. Comm. Pure Appl. Math., 68(7):1085–1156,
2015.
[Ume78] Hiroshi Umemura. On a theorem of Ramanan. Nagoya Math. J., 69:131–138, 1978.
[Voi02] Claire Voisin. The´orie de Hodge et ge´ome´trie alge´brique complexe, volume 10 of Cours Spe´cialise´s.
Socie´te´ Mathe´matique de France, Paris, 2002.
[Wah83] Jonathan M. Wahl. A cohomological characterization of Pn. Invent. Math., 72(2):315–322,
1983.
[Wat87] Junzo Watanabe. The Dilworth number of Artinian rings and finite posets with rank func-
tion. In Commutative algebra and combinatorics (Kyoto, 1985), volume 11 of Adv. Stud. Pure
Math., pages 303–312. North-Holland, Amsterdam, 1987.
JIE LIU, MORNINGSIDE CENTER OF MATHEMATICS, ACADEMY OF MATHEMATICS AND SYSTEMS
SCIENCE, CHINESE ACADEMY OF SCIENCES, BEIJING, 100190, CHINA
E-mail address: jliu@amss.ac.cn
26
